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SMOOTHNESS OF DERIVED CATEGORIES OF ALGEBRAS
ALEXEY ELAGIN, VALERY A. LUNTS, AND OLAF M. SCHNU¨RER
Abstract. We prove smoothness in the dg sense of the bounded derived cat-
egory of finitely generated modules over any finite-dimensional algebra over a
perfect field, thereby answering a question of Iyama. More generally, we prove
this statement for any algebra over a perfect field that is finite over its center
and whose center is finitely generated as an algebra. These results are deduced
from a general sufficient criterion for smoothness.
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1. Introduction
Many triangulated categories have dg enhancements (differential graded en-
hancements). If we consider triangulated categories of algebraic or geometric origin,
e. g. derived categories of modules over an algebra or of sheaves on some space, it
is natural to ask what properties their dg enhancements have and how these prop-
erties do or do not depend on properties of the algebra or the space. The focus
of this article is on the smoothness of dg enhancements (see Definition 2.2), where
we always work over a field k. Since dg enhancements are often essentially unique
(see [LO10], [CS18]), we are a bit sloppy in this introduction and just say that a
triangulated category is smooth when we mean that a certain natural dg enhance-
ment has this property (cf. Definition 2.3 and Remark 2.5 for the choices used in
this article).
For example, a quasi-projective scheme X over a field k is smooth in the sense of
algebraic geometry if and only if the category Dpf(X) of perfect complexes on X is
smooth in the dg sense (see [Lun10, LS16b]). However, if the field k is perfect, the
bounded derived category Db(coh(X)) of coherent sheaves on X is always smooth,
regardless of X being smooth or not (see [Lun10, LS16b]). This example illustrates
the phenomenon that different triangulated subcategories of the unbounded derived
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category Dqc(X) naturally associated to X may or may not detect smoothness of
X .
If A is a noetherian k-algebra (associative and unital, but not necessarily com-
mutative) it is natural and interesting to ask whether the bounded derived category
Db(mod(A)) of finitely generated A-modules is smooth. (The category per(A) of
perfect complexes of A-modules, for an arbitrary k-algebra A, is not so interesting:
it is smooth if and only if the A⊗k Aop-module A has finite projective dimension.)
If A is commutative and finitely generated, the answer is clear from the above dis-
cussion by taking X = SpecA. Hence one may hope that Db(mod(A)) is always
smooth.
In this article, we extend the methods of [Lun10, LS16b] to prove the smoothness
of bounded derived categories for some classes of noncommutative algebras.
Theorem A (see Theorem 3.7). Let A be a finite-dimensional algebra over a field
k such that Arad(A) is separable over k (this condition is automatic if k is perfect).
Then Db(mod(A)) is smooth over k.
This theorem answers affirmatively a question of Osamu Iyama [Iya14]. In down-
to-earth terms it says that the dg endomorphism algebra of a projective resolution
of the direct sum of the simple A-modules is perfect as a bimodule over itself (see
Remark 3.8).
We also prove the following partial generalization of Theorem A.
Theorem B (see Theorem 5.1). Let A be an algebra over a perfect field k. Assume
that A is a finite module over its center Z(A) and that the center Z(A) is a finitely
generated k-algebra. Then Db(mod(A)) is smooth over k.
In fact, we prove a general result from which both Theorems A and B follow:
Given a k-algebra A (or, more generally, a k-linear category A) and a triangulated
subcategory T of D(A), Theorem 2.15 gives a sufficient condition for the smooth-
ness of T . We expect that this theorem could be used for example to prove the
smoothness of Db(mod(A)) for certain noetherian k-algebras A.
Let us mention two results of independent interest used in the proof of Theo-
rem B. The first result concerns the existence of a classical generator of the bounded
derived category of coherent modules over a noncommutative structure sheaf.
Theorem C (see Theorem 4.15). Let X be a noetherian J-2 scheme (see Defini-
tion 4.9) and A a coherent OX -algebra (which is assumed to be unital and associa-
tive, but not necessarily commutative). Then Db(coh(A)) has a classical generator.
The J-2 condition in this result is actually very natural by the following inter-
esting recent result [IT18, Prop. 2.8] by Iyengar and Takahashi: A commutative
noetherian ring R is J-2 if and only if Db(mod(A)) has a classical generator for any
finite commutative R-algebra A.
The proof of Theorem C is based on a Verdier localization sequence given by
the following theorem and a technical result using Azumaya algebras (see Proposi-
tion 4.10).
Theorem D (see Theorem 4.4). Let X be a noetherian scheme and A a coher-
ent OX -algebra. Let U be an open subscheme of X and Z := X − U its closed
complement. Then the sequence of triangulated categories
DbZ(coh(A))→ D
b(coh(A))→ Db(coh(A|U ))
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is a Verdier localization sequence (see Definition 4.2) where the first arrow is the
inclusion and the second arrow is restriction to U .
1.1. Acknowledgments. It is our pleasure to thank Darrell Haile for some use-
ful conversations and Amnon Neeman for his help with Theorem 4.4. We thank
Srikanth Iyengar and Ryo Takahashi for making us aware of their article [IT18].
We thank Osamu Iyama and Steffen Oppermann for suggesting that Theorem A
may generalize to non-positive dg algebras with finite-dimensional cohomology. We
thank the referee for useful comments.
Valery Lunts was partially supported by Laboratory of Mirror Symmetry NRU
HSE, RF Government grant, ag. No. 14.641.31.0001. Alexey Elagin’s study has
been funded within the framework of the HSE University Basic Research Program
and the Russian Academic Excellence Project ’5-100’.
1.2. Conventions. We fix a field k. Whenever k is present, all categories and
functors are k-linear. By a dg category we mean a k-linear dg category. Sometimes
we write ⊗ instead of ⊗k or ⊗OX .
Rings and algebras are assumed to be associative and unital, but not necessarily
commutative. An algebra over a commutative ring R is a ring A together with a
morphism R→ A of rings landing in the center Z(A) of A. Similarly, if (X,OX) is
a ringed space where OX is a sheaf of commutative rings, an OX -algebra is a sheaf
A of rings together with a morphism OX → A of sheaves of rings landing in the
center of A.
By a module we mean a right module. IfR is a ring, Mod(R) denotes the category
of R-modules and D(R) its derived category. When we say that a ring is noetherian
we mean that it is right noetherian. If R is a noetherian ring, mod(R) denotes the
full subcategory of Mod(R) of finitely generated R-modules, D(mod(R)) its derived
category and Db(mod(R)) its subcategory of objects with bounded cohomology. If
R is a finite-dimensional algebra over a field k, then mod(R) is just the category of
finite-dimensional R-modules.
A thick subcategory of a triangulated category T is a strictly full triangulated
subcategory that is closed under taking direct summands in T . Given an object E of
T we write thick(E) = thickT (E) for the smallest thick subcategory of T containing
E. The object E is a classical generator of T if and only if thick(E) = T .
2. Smoothness of derived categories of linear categories
This section is written in greater generality than needed in the rest of this article.
The main result of this section, Theorem 2.15, concerns categories of modules over
k-linear categories; we apply this theorem later on only to categories of modules
over k-algebras.
2.1. Modules over k-linear categories. LetA be a k-linear category. The reader
may think of a k-algebra which is the same thing as a k-linear category with precisely
one object. In the rest of this article, the results of this section will only be applied
in this special case.
A (right) A-module is a functor Aop → Mod(k), where Mod(k) is the category
of k-modules. Let Mod(A) be the (abelian) category of A-modules. Let
Yo: A → Mod(A),
A 7→ A(−, A),
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be the Yoneda functor. The objects of the essential image of this functor are the
representable A-modules. An A-module is finitely generated if it is a quotient
of a finite coproduct of representable A-modules. It is free if it is isomorphic to
a coproduct of representable A-modules. It follows that a finitely generated free
A-module is isomorphic to a finite coproduct of representable A-modules.
Let C(A) := C(Mod(A)) be the dg category of complexes of A-modules. Let
C(A) be the category with the same objects whose morphisms are the closed degree
zero morphisms in C(A). Let D(A) be the derived category of A-modules.
Since D(A) has arbitrary coproducts, it is Karoubian, i. e. idempotent complete.
Therefore, a strictly full subcategory of D(A) is Karoubian if and only if it is closed
under taking direct summands in D(A).
We say that an object of D(A) is pseudo-coherent if it is isomorphic to a
bounded above complex of finitely generated free A-modules (cf. [SGA6, Exp. I],
[TT90, Ch. 2], [SP18, 064N]). Note that any bounded above complex of finitely
generated projective A-modules is pseudo-coherent. Let D(A)ps-coh be the full
subcategory of D(A) of pseudo-coherent objects. It is a strictly full triangulated
subcategory and Karoubian (see [SP18, 064V, 064X]).
We write D(A)pf for the full subcategory of D(A) of perfect complexes, i. e. of
objects that are isomorphic to bounded complexes of finitely generated projective
A-modules. It is a strictly full Karoubian triangulated subcategory of D(A).
We write D−(A) for the full subcategory of D(A) of objects M whose total co-
homology
⊕
n∈Z H
n(M) is bounded above. Similarly, we define D+(A) and Db(A).
These categories are strictly full Karoubian triangulated subcategories of D(A). We
have D(A)ps-coh ⊂ D
−(A) and D(A)pf ⊂ D
b(A)ps-coh := D(A)ps-coh ∩D
b(A).
Remark 2.1. Any algebra A over a field k may be viewed as a k-linear category
with one object, so all the notions just introduced may be used for A. For example,
D(A) is the derived category of the abelian category Mod(A) of A-modules.
If we assume that A is a noetherian k-algebra, then there is a canonical functor
D(mod(A))→ D(Mod(A)). This functor is obviously fully faithful on Db(mod(A)),
and the essential image of this category under this functor is the full subcategory
Dbmod(A)(A) of D(A) of objects with bounded finitely generated cohomology. Hence
we get an equivalence
(2.1) Db(mod(A))
∼
−→ Dbmod(A)(A)
of k-linear triangulated categories; note also that
(2.2) Dbmod(A)(A) = D
b(A)ps-coh.
2.2. DG categories and smoothness. Given a dg category E , we denote its
homotopy category by [E ]. The derived category of dg E-modules is denoted by
D(E). To avoid misunderstandings, we emphasize that the objects of D(E) are dg
E-modules. The full subcategory of D(E) of compact objects coincides with thick(E)
and is denoted per(E). We remind the reader of the following definition.
Definition 2.2. A dg category E is smooth over k if E = EEE ∈ per(E ⊗k Eop).
Since a dg algebra is a dg category with precisely one object we can also speak
about k-smoothness of dg algebras.
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2.3. Smoothness for triangulated categories of modules. We go back to the
setting in section 2.1 and assume that A is a k-linear category. Let hProj(A) resp.
hInj(A) be the full dg subcategory of C(A) of h-projective resp. h-injective objects.
They are dg enhancements of D(A).
If T ⊂ D(A) is a strictly full triangulated subcategory we write hProj
T
(A) for the
full dg subcategory of hProj(A) whose objects are in T . This is a dg enhancement
of T . Similarly, we define the quasi-equivalent dg enhancement hInj
T
(A) of T .
Definition 2.3. A strictly full triangulated subcategory T ⊂ D(A) is smooth
over k if hProj
T
(A) is a smooth dg k-category.
Remark 2.4. Let T be a strictly full triangulated subcategory of D(A). Assume
that P is an h-projective classical generator of T . Then T is smooth over k if
and only if the endomorphism dg algebra CA(P, P ) is smooth over k (see [LS16a,
Prop. 2.18]).
Remark 2.5. If A is a noetherian algebra over a field k we also want to speak about
smoothness of Db(mod(A)). We say that Db(mod(A)) is smooth over k if the
equivalent category Dbmod(A)(A) is smooth over k in the sense of the above defini-
tion (cf. equivalence (2.1)). An equivalent condition is that the standard projective
dg enhancement of Db(mod(A)) by bounded above complexes of finitely gener-
ated projective A-modules with bounded cohomology is a smooth dg k-category.
Equivalently, we could use the standard injective dg enhancement by bounded be-
low complexes of injective A-modules with bounded finitely generated cohomology
modules.
Remark 2.6. If a strictly full triangulated subcategory T ⊂ D(A) is smooth over k
then T has a strong generator. This follows from [Lun10, Lemma 3.5, Lemma 3.6.(a)]
and the fact that any smooth dg k-category has a classical generator; we do not
prove the last statement here. For the categories Db(mod(A)) appearing in The-
orems 3.7 and 5.1 the existence of a classical generator is established in order to
prove smoothness (see Lemma 3.1 and Theorem 4.15).
2.4. Dualizing objects. Let A and B be k-linear categories. Consider the dg
functor
⊗ : C(A) ⊗ C(B))→ C(A⊗ B),
(M,N) 7→M ⊗N,
defined by (M ⊗N)(A,B) =M(A)⊗N(B) on objects (A,B) ∈ A⊗B. Define the
dg functor
HomB(−,−) : C(B)⊗ C(A⊗ B)→ C(A),
(N,X) 7→ HomB(N,X),
in the obvious way such that
(2.3) CA⊗B(M ⊗N,X)
∼= CA(M,HomB(N,X))
natural in M , N and X as above.
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If we identify C(A⊗B) ∼= C(B⊗A) in the obvious way we obtain isomorphisms
CA(M,HomB(N,X))
∼= CA⊗B(M ⊗N,X)
∼= CB⊗A(N ⊗M,X)
∼= CB(N,HomA(M,X))
= CopB (HomA(M,X), N).
Hence we obtain an adjunction
HomA(−, X) : C(A)⇄ C(B)
op : HomB(−, X)
of dg functors for each X ∈ C(A ⊗ B). The unit and counit of this adjunc-
tion are the obvious maps “into the bidual with respect to X”: the unit M →
HomB(HomA(M,X), X) is the map sending m ∈M to the evaluation map sending
µ ∈ HomA(M,X) to µ(m), and the counit has essentially the same description.
On the level of derived categories we obtain an adjunction
(2.4) RHomA(−, X) : D(A)⇄ D(B)
op : RHomB(−, X).
Its unit is the obvious natural transformation
η = ηX : id→ RHomB(RHomA(−, X), X)
between endofunctors of D(A) and its counit is the obvious natural transformation
ε = εX : id→ RHomA(RHomB(−, X), X)
between endofunctors of D(B) (strictly speaking, the counit is the transformation
of endofunctors of D(B)op obtained by reversing the arrow).
Lemma 2.7. Let A, B, X, ηX , εX be as above. Consider the following two full
subcategories of D(A) and D(B) defined by
D(A)X := {M ∈ D(A) | ηXM is an isomorphism},(2.5)
D(B)X := {N ∈ D(B) | εXN is an isomorphism}.
Then these two subcategories are thick, the adjunction (2.4) restricts to an adjoint
equivalence
RHomA(−, X) : D(A)
X
⇄ (D(B)X)op : RHomB(−, X),
and they form the biggest pair of subcategories on which (2.4) restricts to an adjoint
equivalence.
Proof. The subcategories are clearly thick. The other claims are a special case of
the following categorical Lemma 2.8. 
Lemma 2.8. Let (L,R, η, ε) : C → D be an adjunction of categories, given by
functors L : C ⇄ D : R and unit η : id → RL and counit ε : LR → id. Let C′ be
the full subcategory of C of objects C such that ηC : C → RLC is an isomorphism.
Let D′ be the full subcategory of D of objects D such that εD : LRD → D is an
isomorphism. Then our adjunction restricts to an adjoint equivalence L : C′ ⇄
D′ : R. Moreover, it C′′ and D′′ are full subcategories of C and D such that our
adjunction restricts to an adjoint equivalence L : C′′ ⇄ D′′ : R, then C′′ ⊂ C′ and
D′′ ⊂ D′.
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Proof. For arbitrary objects C ∈ C and D ∈ D there are commutative diagrams
LC
LηC //
idLC ##❍
❍
❍
❍
❍
❍
❍
❍
❍
LRLC
εLC

LC,
RD
ηRD //
idRD $$■
■
■
■
■
■
■
■
■
RLRD
RεD

RD.
For C ∈ C′ the first diagram implies LC ∈ D′. For D ∈ D′ the second diagram
implies RD ∈ C′. This implies that L and R restrict to the subcategories C′ and D′,
and these restrictions clearly form an adjoint equivalence. The last claim is obvious
since η must be an isomorphism on all objects of C′′ and ε must be an isomorphism
on all objects of D′′. 
In the following Definition 2.9 we use the above construction in the special case
that B = Aop.
Definition 2.9. Let A be a k-linear category and T ⊂ D(A) a strictly full trian-
gulated subcategory. A dualizing object (or dualizing bimodule or dualizing
complex of bimodules) for T is a complex D of A ⊗ Aop-modules such that
every object of T is contained in the category D(A)D defined in (2.5): This just
means that the unit
T
∼
−→ RHomAop(RHomA(T,D),D)
is an isomorphism in D(A) for all objects T ∈ T . Given a dualizing object D for
T we denote the essential image of T under the functor
RHomA(−,D) : D(A)→ D(A
op)op
by T ∨ = T ∨,D and call it the dual of T (with respect to D). Here we view T ∨
as a full subcategory of D(Aop) (and not of its opposite category).
Remark 2.10. If, in the setting of Definition 2.9, T is classically generated by an
object E, then D is a dualizing object for T if and only if
E → RHomAop(RHomA(E,D),D)
is an isomorphism. This follows immediately from Lemma 2.7 because D(A)D is a
thick subcategory of D(A).
Remark 2.11. Let A be a k-linear category and D a dualizing object for a strictly
full triangulated subcategory T ⊂ D(A) with dual T ∨. Then, by Lemma 2.7, the
adjunction (2.4) (for X = D and B = Aop) restricts to an adjoint equivalence
RHomA(−,D) : T ⇄ (T
∨)op : RHomAop(−,D).
Remark 2.12. Let A be a k-linear category and let T ⊂ D(A) and S ⊂ D(Aop) be
strictly full triangulated subcategories. Let D be a complex of A ⊗ Aop-modules
such that the adjunction (2.4) (for X = D and B = Aop) restricts to an adjoint
equivalence
RHomA(−,D) : T ⇄ S
op : RHomAop(−,D).
Then D is a dualizing object for T and S is the dual of T , i. e. S = T ∨. This
follows immediately from Lemma 2.7.
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Lemma 2.13. Let A and B be k-linear categories. Let X ∈ C(A ⊗ B) be an
h-injective complex. Then the functor
HomB(−, X) : C(B)→ C(A)
lands in the subcategory of h-injective complexes and preserves acyclic complexes.
Proof. Let N ∈ C(B) be any object. We first show that HomB(N,X) is h-injective.
Given any acyclic object M ∈ C(A) we need to see that
CA(M,HomB(N,X))
(2.3)
∼= CA⊗B(M ⊗N,X)
is acyclic. Since X is h-injective it suffices to show that M ⊗N is acyclic. But this
is true since k is a field.
Now assume that N is acyclic. We show that HomB(N,X) is acyclic. Given an
arbitrary object A ∈ A we need to see that
HomB(N,X)(A) = CA(Yo(A),HomB(N,X))
(2.3)
∼= CA⊗B(Yo(A)⊗N,X)
is acyclic. Since X is h-injective it suffices to see that Yo(A) ⊗ N is acyclic. But
this is true since N is acyclic and k is a field. 
2.5. Tensor product and dg homomorphisms. We prove a key technical result
which uses the notion of pseudo-coherence.
Proposition 2.14. Let A and B be k-linear categories. Let M ∈ C(A) and N ∈
C(B). Let I ∈ C(A) and J ∈ C(B) be h-injective objects and let κ : I ⊗ J → K be a
quasi-isomorphism to an h-injective object K ∈ C(A⊗ B). Assume that one of the
following two conditions is satisfied.
(a) M ∈ D(A)pf and N ∈ D(B)pf ;
(b) M ∈ D(A)ps-coh and N ∈ D(B)ps-coh and I ∈ D
+(A) and J ∈ D+(B).
Then the composition
(2.6) CA(M, I)⊗ CB(N, J)
⊗
−→ CA⊗B(M ⊗N, I ⊗ J)
κ∗−→ CA⊗B(M ⊗N,K)
in C(k) is a quasi-isomorphism.
Proof. Note that CC(−, L) preserves quasi-isomorphisms if L ∈ C(C) is an h-
injective complex of modules over a k-linear category C, that (I ′ ⊗ −) : C(B) →
C(A ⊗ B) and (− ⊗ J ′) : C(A) → C(A ⊗ B) preserve quasi-isomorphisms, for
I ′ ∈ C(A) and J ′ ∈ C(B), and that tensoring over k preserves quasi-isomorphisms,
since k is a field. Hence we can replace M and N by isomorphic objects in D(A)
and D(B), respectively.
If (a) holds, M and N can be assumed to be bounded complexes of finitely
generated projective modules. Using brutal truncation, shifts, and the fact that
any finitely generated projective module is a direct summand of a finitely generated
free module we reduce to the case that M = Yo(A) = A(−, A) for some A ∈ A and
N = Yo(B) = B(−, B) for some B ∈ B. But in this case (2.6) is isomorphic to the
quasi-isomorphism I(A)⊗ J(B) = I(A)⊗ J(B)→ K(A,B).
Now assume that (b) holds. Observe that I and J are homotopy equivalent to
bounded below complexes of injective modules. Using this it is easy to see that we
can assume that I, J and K are bounded below complexes of injective modules. We
can also assume that M and N are bounded above complexes of finitely generated
free modules since M and N are pseudocoherent.
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When checking that the composition in (2.6) induces an isomorphism on the
n-th cohomology, for a fixed n ∈ Z, only finitely many components of M and N
matter. Hence we can assume that M and N are bounded complexes of finitely
generated free modules. Then M and N are perfect and we can use (a). 
2.6. A sufficient condition for smoothness. We now state the main theorem
of this article.
Theorem 2.15. Let A be a k-linear category where k is a field. Then a strictly full
triangulated subcategory T ⊂ D(A) is smooth over k if there is a dualizing object
D ∈ D(A⊗Aop) for T such that the following two conditions are satisfied:
(A1) T is classically generated by an object of Db(A)ps-coh whose image under
the equivalence
RHomA(−,D) : T
∼
−→ (T ∨)op
from Remark 2.11 is in Db(Aop)ps-coh;
(A2) D is contained in the thick subcategory of D(A ⊗ Aop) generated by the
essential image of the functor
⊗ : T × T ∨ → D(A⊗Aop).
Remark 2.16. Condition (A1) clearly implies T ⊂ Db(A)ps-coh and T ∨ ⊂ D
b(Aop)ps-coh
because the image of a classical generator of T under the equivalence is a classical
generator of T ∨.
If E is a classical generator of T and F is a classical generator of T ∨, then
condition (A2) is clearly equivalent to:
(A2)’ D is contained in the thick subcategory of D(A⊗Aop) generated by E⊗F .
Proof. We first reduce to the case that T is Karoubian. Obviously, D is also a
dualizing object for thick(T ) = thickD(A)(T ), and the assumptions (A1) and (A2)
are also satisfied by the pair (thick(T ),D). Moreover, a classical generator of T
is certainly a classical generator of thick(T ), so T is smooth over k if and only if
thick(T ) is smooth over k, by Remark 2.4.
Hence, by replacing T by thick(T ) we can and will assume in the following that
T is Karoubian. Without loss of generality we assume that D is an h-injective
complex of A⊗Aop-modules.
Consider the adjunction
(−)∨ := HomA(−,D) : C(A)⇄ C(A
op)op : (−)∨ := HomAop(−,D)
of dg functors. Both functors preserve quasi-isomorphisms, by Lemma 2.13, and
therefore our adjunction descends straightforwardly to an adjunction
(−)∨ = HomA(−,D) : D(A)⇄ D(A
op)op : (−)∨ = HomAop(−,D)
of triangulated functors. This is (up to unique isomorphism) the adjunction (2.4)
(for B = Aop and X = D there).
Since D is a dualizing object for T , this adjunction restricts by Remark 2.11 to
an adjoint equivalence
(2.7) (−)∨ = HomA(−,D) : T ⇄ (T
∨)op : (−)∨ = HomAop(−,D).
Claim: For any h-projective object Q ∈ T and any R ∈ T the morphism
CA(Q,R)
(−)∨
−−−→ CopAop(Q
∨, R∨) = CAop(R
∨, Q∨)
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is a quasi-isomorphism.
Indeed, the induced map on the n-th cohomology is given by
[CA](Q, [n]R)
(−)∨
−−−→ [CAop ](([n]R)
∨, Q∨).
Since Q is h-projective and Q∨ = HomA(Q,D) is h-injective, by Lemma 2.13, this
map is identified with the map
DA(Q, [n]R)
(−)∨
−−−→ DAop(([n]R)
∨, Q∨)
which is an isomorphism by the equivalence (2.7). This proves the claim.
Let P ∈ Db(A)ps-coh be a classical generator of T such that P∨ ∈ D
b(Aop)ps-coh;
such an object exists by assumption (A1). Additionally, we can assume that P is
h-projective. By Remark 2.4 we need to show k-smoothness of the dg algebra
E := CA(P, P ).
The above claim shows that
(2.8) E = CA(P, P )
(−)∨
−−−→ Cop
Aop
(P∨, P∨)
is a quasi-isomorphism of dg algebras.
Note that the obvious map
P → (P∨)∨
is a quasi-isomorphism in C(A) because it becomes an isomorphism in D(A) by
the assumption that D is a dualizing object. If we apply C(P,−) to this quasi-
isomorphism we obtain a quasi-isomorphism
(2.9) E = CA(P, P )→ CA(P, (P
∨)∨)
of dg E-modules because P is h-projective. Here E acts from the right. There is
also a natural left action of the dg algebra E on E and on CA(P, (P
∨)∨), the action
on the latter coming from the morphism
E = C(P, P )
((−)∨)∨
−−−−−→ C((P∨)∨, (P∨)∨)
of dg algebras. It is easy to check that (2.9) is compatible with these actions and
hence a quasi-isomorphism of dg E ⊗ Eop-modules.
Let P → I be a quasi-isomorphism to an h-injective object I ∈ C(A). Let
κ : I ⊗ P∨ → K be a quasi-isomorphism to an h-injective object K ∈ C(A⊗Aop).
Then
λ : P ⊗ P∨ → I ⊗ P∨
κ
−→ K
is a quasi-isomorphism because k is a field. Now consider the following commutative
diagram with obvious maps where β is defined so that the triangle containing β is
commutative.
E ⊗ Eop
id⊗(−)∨

β
++❱❱❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
❱❱
CA(P, P )⊗ CAop(P
∨, P∨)
⊗ //

CA⊗Aop(P ⊗ P
∨, P ⊗ P∨)
λ∗ // CA⊗Aop(P ⊗ P
∨,K)
CA(P, I)⊗ CAop(P
∨, P∨)
⊗ // CA⊗Aop(P ⊗ P
∨, I ⊗ P∨)
κ∗ // CA⊗Aop(P ⊗ P
∨,K)
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Its vertical arrows are quasi-isomorphisms: this uses the quasi-isomorphism (2.8),
the fact that P is h-projective, and the fact that k is a field. The composition
of the lower row is a quasi-isomorphism by Proposition 2.14.(b); we use here that
I and P∨ are h-injective (by Lemma 2.13) and that I
∼
←− P ∈ Db(A)ps-coh and
P∨ ∈ Db(A)ps-coh by assumption (A1). Hence the composition λ∗ ◦ β is a quasi-
isomorphism.
We now apply [LS16b, Lemma B.1.(a)] to the dg category C(A ⊗Aop), its full
pretriangulated dg subcategory hInj
S
(A ⊗ Aop) where S = thick(P ⊗ P∨), the
quasi-isomorphism λ : P ⊗ P∨ → K in C(A ⊗ Aop), and the morphism β of dg
algebras from the above diagram. This yields the equivalence
res
CA⊗Aop (P⊗P
∨,P⊗P∨)
E⊗Eop ◦ CA⊗Aop(P ⊗ P
∨,−) : [hInj
S
(A⊗Aop)]
∼
−→ per(E ⊗ Eop)
of triangulated categories.
By assumption (A2), the objectD is in S. We have assumed that D is h-injective,
so D ∈ hInj
S
(A⊗Aop). Hence
CA⊗Aop(P ⊗ P
∨,D) ∈ per(E ⊗ Eop)
by the above equivalence. The isomorphisms
CA⊗Aop(P ⊗ P
∨,D) = CA⊗Aop(P ⊗HomA(P,D),D)
∼= CA(P,HomAop(HomA(P,D),D)) (by (2.3))
= CA(P, (P
∨)∨)
of dg E ⊗ Eop-modules and the quasi-isomorphism
E = CA(P, P )
(2.9)
−−−→ CA(P, (P
∨)∨)
of dg E ⊗ Eop-modules then show E ∈ per(E ⊗ Eop), i. e. E is smooth over k. 
3. Smoothness for finite dimensional algebras
We denote the Jacobson radical of a ring R by rad(R). Recall that a ring is
semisimple if and only if it is Artinian and its Jacobson radical is zero (see e. g.
[FD93, Thm. 2.2]). In particular, for a finite-dimensional algebra A over a field
A
rad(A) is semisimple.
Given a finite-dimensional k-algebra A remember that mod(A) is the abelian cat-
egory of finite-dimensional A-modules and that Db(mod(A)) is the full subcategory
of its derived category D(mod(A)) of objects with bounded cohomology.
Lemma 3.1. Let A be a finite-dimensional algebra over a field k. Then Db(mod(A))
has a classical generator, for example the direct sum of representatives of the set of
simple A-modules up to isomorphism, or Arad(A) .
Proof. Any object of Db(mod(A)) is built from its finitely many non-zero cohomol-
ogy modules, and each such module has a finite filtration with simple subquotients
(a composition series). Since each simple A-module appears in such a composition
series of A, there are, up to isomorphism, only finitely many simple A-modules, say
S1, . . . , Sr. Then
⊕r
i=1 Si is a classical generator of D
b(mod(A)). Since Arad(A) is a
semisimple A-module which contains each Si with positive multiplicity,
A
rad(A) is a
classical generator as well. 
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Recall the Artin–Wedderburn theorem saying that every semisimple ring A is
isomorphic to a finite product
∏r
i=1 Mni(Di) of matrix rings over division rings Di,
for suitable ni ∈ N>0. In particular, the center Z(A) of A is then isomorphic to
the product
∏r
i=1 Z(Di) of fields. If A is an algebra over the field k, we get field
extensions k →֒ Z(Di); these field extensions are unique up to isomorphism and
order.
Definition 3.2 ([FD93, Def. on page 89]). Let k be a field. A k-algebra A is
separable (over k) if and only if A is a finite-dimensional semisimple k-algebra
such that each field extension k →֒ Z(Di) is separable if we fix an isomorphism
A ∼=
∏r
i=1 Mni(Di) as above.
Remark 3.3. In particular, if k is perfect, than a k-algebra is separable if and only
if it is finite-dimensional and semisimple.
Remark 3.4. There is a general definition of a separable algebra over a commutative
ring, see [AG60] or [KO74, Ch. III]. For algebras over a field this general definition is
equivalent to Definition 3.2, by [KO74, Thm. III.3.1]. Note also that Definition 3.2
generalizes the usual definition of a separable field extension.
Proposition 3.5. Let A and B be finite-dimensional k-algebras. Assume that at
least one of Arad(A) and
B
rad(B) is a separable k-algebra. Then
A
rad(A) ⊗k
B
rad(B) is a
semisimple k-algebra and
(3.1)
A
rad(A)
⊗k
B
rad(B)
=
A⊗k B
rad(A⊗k B)
canonically. The displayed k-algebra is separable if both Arad(A) and
B
rad(B) are sep-
arable over k.
Proof. It is well-known that the tensor product of a separable k-algebra with a
finite-dimensional semisimple k-algebra is again semisimple, see [FD93, Prop. 3.9].
This shows that the tensor product Arad(A) ⊗k
B
rad(B) is semisimple if one of the
factors is separable. If both factors are separable over k, then so is the tensor
product Arad(A) ⊗k
B
rad(B) by [AG60, Prop. 1.5] (for R = R1 = R2 = k there) (using
Remark 3.4).
We now deduce equality (3.1) from semisimplicity of
A
rad(A)
⊗k
B
rad(B)
=
A⊗k B
rad(A)⊗k B +A⊗k rad(B)
.
If we can show that
I := rad(A)⊗k B +A⊗k rad(B)
is a nilpotent ideal, then I = rad(A⊗kB) by [ARS97, Prop. I.3.3], yielding equality
(3.1). Observe that
In =
n∑
i=0
rad(A)i ⊗k rad(B))
n−i
for any n ∈ N. Since rad(A) and rad(B) are nilpotent two-sided ideals, by [ARS97,
Prop. I.3.1], we see that I is nilpotent as well. This proves the proposition. 
Corollary 3.6. Let A and B be finite-dimensional k-algebras such that at least one
of Arad(A) and
B
rad(B) is a separable k-algebra. If E and F are classical generators
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of Db(mod(A)) and Db(mod(B)), respectively, then E⊗k F is a classical generator
of Db(mod(A⊗k B)).
Proof. Recall thatA := Arad(A) and B :=
B
rad(B) are classical generators of D
b(mod(A))
and Db(mod(B)), respectively, by Lemma 3.1. From A ∈ thick(E) we obtain
A⊗k F ∈ thick(E ⊗k F ). From B ∈ thick(F ) we obtain A⊗k B ∈ thick(A⊗k F ) ⊂
thick(E ⊗k F ). Hence it is sufficient to show that A ⊗k B is a classical generator
of Db(mod(A ⊗k B)). But
A⊗kB
rad(A⊗kB)
is a classical generator of this category, by
Lemma 3.1, and A⊗k B =
A⊗kB
rad(A⊗kB)
by Proposition 3.5. 
Theorem 3.7. Let A be a finite-dimensional algebra over a field k such that Arad(A)
is separable over k (this condition is automatic if k is perfect). Then Db(mod(A))
is smooth over k (in the sense defined in Remark 2.5).
The idea of proof is as follows. The standard equivalence “take the k-linear
dual” Db(mod(A))
∼
−→ (Db(mod(Aop)))op is equivalently obtained from the dualiz-
ing bimodule A = AAA. This bimodule is an object of D
b(mod(A ⊗k Aop)), and
this category coincides, by our separability assumption, with its thick subcategory
generated by all tensor products of objects of Db(mod(A)) and Db(mod(Aop)).
Moreover, Db(mod(A)) has a classical generator. This shows that the sufficient
condition for smoothness of Theorem 2.15 is satisfied for Db(mod(A)).
Proof. Remember that Db(mod(A)) is equivalent to the category
(3.2) T := Dbmod(A)(A) = D
b(A)ps-coh
(see equivalence (2.1) and equality (2.2) in Remark 2.1). By our definition of k-
smoothness of Db(mod(A)) in Remark 2.5 we need to prove that T is k-smooth.
We will use the sufficient condition for smoothness of Theorem 2.15.
If M is a right A-module, then its k-linear dual M∗ := Homk(M, k) is a left
A-module, i. e. a right Aop-module, and similarly the k-linear dual ∗N of an Aop-
module is an A-module. More precisely we have an adjunction of exact functors
(3.3) (−)∗ : Mod(A)⇄ (Mod(Aop))op : ∗(−)
between abelian categories whose unit and counit are the obvious maps into the
bidual. It induces an adjunction D(A) ⇄ (D(Aop))op on (unbounded) derived
categories which restricts to an adjoint equivalence
(3.4) (−)∗ : T = Dbmod(A)(A)⇄ (D
b
mod(Aop)(A
op))op :
∗
(−)
because any object of either category is isomorphic to a bounded complex of finite-
dimensional modules over A or Aop, respectively.
Note that A = AAA is both a left A-module and a right A-module. Hence
D := Homk(A, k) ∈ mod(A ⊗k Aop). This is the natural candidate bimodule to
induce the equivalence (3.4). Let us check that it indeed induces this equivalence.
If M is a right A-module, then
M∗ = Homk(M, k) = Homk(M ⊗A AAA, k)
= HomA(M,Homk(AAA, k)) = HomA(M,D)
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as left A-modules natural in M . Similarly, if N is a left A-module, then
∗N = Homk(N, k) = Homk(AAA ⊗A N, k)
= HomAop(N,Homk(AAA, k)) = HomAop(N,D)
as right A-modules natural in N . Hence the functors (−)∗ and ∗(−) in the adjunc-
tion (3.3) and in the adjoint equivalence (3.4) may be written as
(−)∗ = HomA(−,D) and
∗(−) = HomAop(−,D).
Moreover, the unit and counit of the adjunction (3.3) correspond to the unit and
counit of the adjunction obtained from D , cf. (2.4). Since (3.4) is an adjoint equiv-
alence, Remark 2.12 shows that D is a dualizing object for T and that
(3.5) T ∨ = Dbmod(Aop)(A
op) = Db(Aop)ps-coh
where the last equality comes from (2.2).
Now it is easy to check conditions (A1) and (A2) from Theorem 2.15 in our
situation.
Condition (A1) is obviously satisfied since T = Dbmod(A)(A)
∼= Db(mod(A)) has
a classical generator, by Lemma 3.1, and since the equalities (3.2) and (3.5) hold.
In order to check condition (A2), let E be a classical generator of T . Then its
dual E∗ is a classical generator of T ∨. We may assume without loss of generality
that E and E∗ are bounded complexes of finite-dimensional modules. Since Arad(A)
is a separable k-algebra and the opposite of any separable algebra is separable we
see that
(
A
rad(A)
)op
= A
op
rad(Aop) is separable over k. Therefore E ⊗k E
∗ is a classical
generator of Db(mod(A⊗k Aop)), by Corollary 3.6, and also of the equivalent cat-
egory Dbmod(A⊗kAop)(A⊗k A
op). Since D obviously lies in this category we see that
condition (A2) is satisfied; more precisely, we have checked the equivalent condition
(A2)’ in Remark 2.16. Now Theorem 2.15 applies and shows that Db(mod(A)) is
smooth over k. 
Remark 3.8. Let A be a finite-dimensional algebra over a field k such that Arad(A)
is separable over k. Then smoothness over k of Db(mod(A)) (see Theorem 3.7) has
the following down-to-earth interpretation, by Remark 2.4: Let S =
⊕r
i=1 Si be a
finite direct sum of simple A-modules such that each simple A-module is isomorphic
to one of the Si. Let P be a projective resolution of S in mod(A). Then the dg
algebra CA(P, P ) of endomorphisms of P is k-smooth.
Remark 3.9. Let A be a finite-dimensional algebra over a field k such that Arad(A)
is separable over k (this is automatic if k is perfect), and assume that A has finite
global dimension. Then A is a classical generator of Db(mod(A)). We have proven
that this category is k-smooth, see Theorem 3.7. This means that A itself is k-
smooth, by Remark 2.4. This also follows from [Rou08, Lemma 7.2].
4. Existence of a classical generator of Db(coh(A))
The goal of this section is Theorem 4.15: Given a coherent OX -algebra A on a
noetherian J-2 scheme X (for example a scheme of finite type over a field or over
the integers), the bounded derived category Db(coh(A)) of coherent A-modules has
a classical generator. We also prove Theorem 4.18 which says that the boxproduct
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of classical generators is a classical generator for finite type schemes over a perfect
field.
In contrast to our convention in the rest of this article, we work with left modules
in this section because this seems to be the standard choice in commutative algebra
and algebraic geometry. By a noetherian ring we mean a left noetherian ring.
4.1. Noncommutative structure sheaves. Let A be a sheaf of (possibly non-
commutative) rings on a topological space. Quasi-coherent and coherent (left)
A-modules are defined in the usual way (cf. [SP18, 01BE, 01BV] for modules over a
sheaf of commutative rings). Every coherent A-module is quasi-coherent (cf. [SP18,
01BW]). Let Qcoh(A) and coh(A) denote the corresponding full subcategories of
the abelian category Mod(A) of all A-modules. Recall that coh(A) is a full abelian
subcategory of Mod(A) (cf. [SP18, 01BY]).
IfX is a scheme, the category Qcoh(OX) is a full abelian subcategory of Mod(OX)
(see [SP18, 01LA]).
Lemma 4.1. Let X be a scheme, A an OX-algebra (not necessarily commutative)
and M an A-module.
(a) Assume that A is OX-quasi-coherent. Then M is A-quasi-coherent if and
only if M is OX-quasi-coherent. In particular, Qcoh(A) is a full abelian
subcategory of Mod(A).
(b) Assume that X is locally noetherian and that A is OX -coherent. Then M
is A-coherent if and only if M is OX-coherent.
Proof. (a) Assume that M is A-quasi-coherent. Then any x ∈ X has an open
neighborhood U in X such that there is an exact sequence
⊕
J A|U →
⊕
I A|U →
M |U → 0 of A-modules. Since A is OX -quasi-coherent, the first two terms of this
sequence are OU -quasi-coherent. But then M |U is OU -quasi-coherent as a cokernel
of a morphism between quasi-coherent OU -modules. This shows that M is a quasi-
coherent OX -module.
Conversely, assume that M is OX -quasi-coherent. Then any x ∈ X has an open
neighborhood U in X such that there is an epimorphism
⊕
I OU ։ M |U of OU -
modules. By adjunction we get an epimorphism morphism
⊕
I A|U ։ M |U of
A|U -modules. Let N be its kernel, an A|U -module. Since
⊕
I A|U and M |U are
OX -quasi-coherent, so is N . Repeating the above argument and possibly replacing
U by a smaller open neighborhood of x, we find an epimorphism
⊕
J A|U → N and
hence an exact sequence
⊕
J A|U →
⊕
I A|U → M |U → 0 of A|U -modules. This
shows that M is A-quasi-coherent.
Since Qcoh(OX) is a full abelian subcategory of Mod(OX) we deduce that
Qcoh(A) is a full abelian subcategory of Mod(A).
(b) Assume that M is A-coherent. Then any x ∈ X has an open neighborhood
U in X such that there is an exact sequence
⊕m
j=1A|U →
⊕n
i=1A|U → M |U → 0
of A-modules. Since the first two objects are OU -coherent and since coh(OU ) is a
full abelian subcategory of Mod(OU ) we see thatM |U is OU -coherent. This implies
that M is OX -coherent.
Conversely, assume that M is OX -coherent. Then M is of finite type over OX
and a fortiori of finite type over A. Let U ⊂ X be open and let
⊕n
i=1A|U →M |U
be a morphism of A-modules. Let N be its kernel. Since
⊕n
i=1A|U and M |U are
OU -coherent, so is N . In particular N is of finite type over OU and a fortiori of
finite type over A. This shows that M is a coherent A-module. 
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4.1.1. Inverse and direct image. Let f : Y → X be a morphism of schemes and let
A be an OX -algebra. Then B := f∗A is an OY -algebra and
(4.1) f∗ : Mod(A)⇄ Mod(B) : f∗
is an adjunction where inverse image f∗M = B⊗f−1Af
−1M and direct image f∗ are
defined in the usual way. This adjunction is compatible with the usual adjunction
f∗ : Mod(OX)⇄ Mod(OY ) : f∗
in the sense that f∗ and f∗ commute with the forgetful functors Mod(A) →
Mod(OX) and Mod(B)→ Mod(OY ).
Assume that f is quasi-compact and quasi-separated. If A is OX -quasi-coherent,
then B is OY -quasi-coherent and (4.1) restricts to an adjunction
(4.2) f∗ : Qcoh(A)⇄ Qcoh(B) : f∗
by Lemma 4.1 because f∗ maps OY -quasi-coherent modules to OX -quasi-coherent
modules by our assumptions on f (see [SP18, 01LC]). If X and Y are locally
noetherian and A is OX -coherent, then B is OY -coherent and f
∗ restricts to
f∗ : coh(A) → coh(B), by [SP18, 01XZ, 01BQ] and Lemma 4.1. The direct im-
age of a coherent B-module is in general not A-coherent.
4.1.2. The affine situation. Let R be a commutative ring and X = SpecR. Serre’s
theorem states that taking global sections is an equivalence
Qcoh(OX)
∼
−→ Mod(R)
between abelian categories which is compatible with tensor products [SP18, 01IB,
01I8].
Let A be a quasi-coherent OX -algebra and A = A(X) the corresponding R-
algebra. Then an A-module corresponds under Serre’s equivalence to an OX -quasi-
coherent A-module which is, by Lemma 4.1, the same thing as a quasi-coherent
A-module. Hence we obtain an equivalence
Qcoh(A)
∼
−→ Mod(A)
of abelian categories.
If R is noetherian, Serre’s equivalence restricts to an equivalence
coh(OX)
∼
−→ mod(R)
where mod(R) is the category of finite (= finitely generated) R-modules [SP18,
01XZ]. Let A be a coherent OX -algebra (= an OX -algebra that is coherent as an
OX -module) and A = A(X) the corresponding finite (and hence noetherian) R-
algebra (= R-algebra that is finite as an R-module). The same argument as above
yields an equivalence
(4.3) coh(A)
∼
−→ mod(A)
of abelian categories.
If f : Y = SpecS → X = SpecR is a morphism of affine schemes, the adjunction
(4.2) corresponds to the usual adjunction
B ⊗A − : Mod(A)⇄ Mod(B) : res
B
A
between extension and restriction of scalars along A→ B where B := (f∗A)(Y ) =
S ⊗R A.
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4.2. Verdier localization sequences and classical generators.
Definition 4.2. We say that a sequence
S
i
−→ T
q
−→ Q
of triangulated categories and functors is a Verdier localization sequence if the
composition q◦ i is zero, i is fully faithful, and the induced functor from the Verdier
quotient T / Im(i) to Q is an equivalence where Im(i) is the essential image of i.
Proposition 4.3. Let S
i
−→ T
q
−→ Q be a Verdier localization sequence. If S and Q
have classical generators, then T has a classical generator.
More precisely, if E is a classical generator of S and F is an object of T such
that q(F ) is a classical generator of Q, then i(E)⊕F is a classical generator of T .
Proof. We assume without loss of generality that S is a strictly full triangulated
subcategory of T and that q is the Verdier quotient functor T → T /S = Q.
Recall from [Ver96, Prop. II.2.3.1, items d), c)bis, d)bis] that the obvious map
defines a bijection between the set of thick subcategories of T containing S (and
hence its thick closure in T ) and the set of thick subcategories of T /S = Q.
Let U be the thick subcategory of T generated by E ⊕ F . It contains S since
E is a classical generator of S. In order to show U = T it is enough to see, by
the above reminder, that the image of U in Q = T /S is all of Q. But this is true
because this image is a thick subcategory of Q that contains the classical generator
q(F ). 
4.3. Verdier localization sequence for Db(coh(A)). If X is a locally noetherian
scheme and A is a coherent OX -algebra, we let D(coh(A)) be the derived cate-
gory of the abelian category coh(A) of coherent A modules. Its full subcategory
Db(coh(A)) of objects M whose total cohomology
⊕
n∈Z H
n(M) is bounded is a
Karoubian subcategory (see [LC07]). If Z ⊂ X is a closed subset let DbZ(coh(A))
denote the full subcategory of Db(coh(A)) of objects whose cohomology sheaves
have support in the set Z. It is a thick subcategory.
Theorem 4.4. Let X be a noetherian scheme and A a coherent OX-algebra. Let
U be an open subscheme of X and Z := X − U its closed complement. Then the
sequence of triangulated categories
(4.4) DbZ(coh(A))→ D
b(coh(A))→ Db(coh(A|U ))
is a Verdier localization sequence where the first arrow is the inclusion and the
second arrow is restriction to U .
Proof. We abbreviate AU := A|U . During the proof we assume without loss of
generality that all objects of Db(coh(A)) are bounded complexes of coherent A-
modules, and similarly for DbZ(coh(A)) and D
b(coh(AU )).
Let j : U → X be the open embedding. Then AU = j∗A and j∗ : coh(A) →
coh(AU ) is exact. We denote the induced functor
j∗ : Db(coh(A))→ Db(coh(AU )
by the same symbol. This functor is the second functor in (4.4). Clearly, its kernel
is the subcategory DbZ(coh(A)). Let
V :=
Db(coh(A))
DbZ(coh(A))
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be the Verdier quotient and
Φ: V → Db(coh(AU )
the induced triangulated functor. We need to prove that Φ is an equivalence. We
first prove a useful fact.
Observation: If M is a bounded complex of quasi-coherent A-modules whose
restriction j∗M consists of coherent AU -modules, then there is a subcomplex K ⊂
M of coherent A-modules such that j∗K = j∗M .
Recall that every quasi-coherent OX -module is the directed colimit (or union)
of its coherent submodules, see [SP18, 01XZ, 01PG] where we use that X is quasi-
compact and quasi-separated [SP18, 01OY]. The same statement is true for A-
modules: indeed, if G is a coherent OX -submodule of a quasi-coherent A-module
F , then the image of A⊗OX G→ F is a coherent A-submodule of F containing G.
We deduce that every complex M of quasi-coherent A-modules is the directed
colimit of its subcomplexes of coherent A-modules: indeed, each component Mn
is the directed colimit of its coherent A-submodules, and if we are given coherent
A-submodules Nn ofMn, for each n ∈ Z, there is a subcomplex ofM with coherent
components which contains all Nn: just take Nn + d(Nn−1) in degree n.
To prove the observation, let M be a bounded complex of quasi-coherent A-
modules such that j∗M has AU -coherent components. Write M = colimMi as
a directed colimit of subcomplexes Mi of coherent A-modules. Then j∗M =
j∗ colimMi = colim j
∗Mi. In particular, the n-th component (j
∗M)n = colim j∗(Mni )
is a directed colimit of coherent AU -submodules and is itself AU -coherent by as-
sumption. Hence (j∗M)n = j∗(Mni ) for some i by [SP18, 01Y8] and Lemma 4.1.
Since M is bounded there is some i such that (j∗M)n = j∗(Mni ) for all n ∈ Z, i. e.
Mi ⊂M satisfies j∗Mi = j∗M . This proves the observation.
In the following we will often use the adjunction
j∗ : Qcoh(A)⇄ Qcoh(AU ) : j∗
from (4.2) where we use the fact that j is quasi-compact and quasi-separated as
a map between noetherian schemes (see [SP18, 02IK, 01OY, 01KV, 03GI]). Note
that its counit is an isomorphism j∗j∗
∼
−→ id.
Φ is essentially surjective: Let N be a bounded complex of coherent AU -
modules. Then j∗N is a bounded complex of quasi-coherent A-modules which
satisifes j∗j∗N
∼
−→ N . Hence our observation yields a subcomplex K ⊂ j∗N with
coherent components such that j∗K = j∗j∗N
∼
−→ N . This shows that Φ is essen-
tially surjective.
Φ is faithful: Let g : M →M ′ be any morphism in V . Then g can be represented
by a roof M
g′
−→ M ′′
u
←− M ′ of morphisms in Db(coh(A)) where u has cone in
DbZ(coh(A)), i. e. g = u
−1g′. Similarly, g′ can be represented by a roof M
g′′
−→
N
u′
←− M ′′ of morphisms in the homotopy category Kb(coh(A)) where u′ is a
quasi-isomorphism and N is a bounded complex of coherent A-modules, i. e. g′ =
u′−1g′′ in Db(coh(A)). Then Φ(g) = j∗(u)−1j∗(g′) = j∗(u)−1j∗(u′)−1j∗(g′′) in
Db(coh(AU )). For faithfulness of Φ we need to prove that Φ(g) = 0 implies g = 0.
Equivalently, we need to prove that j∗(g′′) = 0 in Db(coh(AU )) implies g′′ = 0 in
V .
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Hence the proof of faithfulness of Φ is reduced to the following claim: Let
f : M → N be a morphism in the category Cb(coh(A)) of bounded complexes
of coherent A-modules such that j∗(f) = 0 in Db(coh(AU )). Then f = 0 in V .
The assumption j∗(f) = 0 in Db(coh(AU )) shows that the roof j∗M
j∗(f)
−−−→
j∗N
id
←− j∗N in the homotopy category Kb(coh(AU )) is equivalent to the roof
j∗M
0
−→ j∗N
id
←− j∗N . Hence there are a bounded complex L of coherent AU -
modules and a quasi-isomorphism s : j∗N → L in Cb(coh(AU )) such that the com-
position
j∗M
j∗(f)
−−−→ j∗N
s
−→ L
is homotopic to zero, i. e. there is a homotopy h : j∗M → L[1] such that s ◦ j∗(f) =
d(h) = dh+hd. Let s′ : N → j∗L and h′ : M → j∗L[1] correspond to s and h under
the adjunction. Then the composition
M
f
−→ N
s′
−→ j∗L
is homotopic to zero via the homotopy h′.
Note that the image s′(N) ⊂ j∗L is a subcomplex of coherent A-modules. Sim-
ilarly, h′(M [−1]) ⊂ j∗L is a graded submodule of coherent A-modules, and the
subcomplex h′(M [−1]) + d(h′(M [−1])) ⊂ j∗L it generates is a subcomplex of co-
herent A-modules. Let K ⊂ j∗L be a subcomplex of coherent A-modules which
contains these two subcomplexes and has the property that j∗K = j∗j∗L; it exists
by the observation made above using j∗j∗L
∼
−→ L.
By construction, s′ and h′ factor as s′ : N
s′′
−→ K →֒ j∗L and h′ : M
h′′
−−→ K[1] →֒
j∗L[1], respectively, and the composition
M
f
−→ N
s′′
−→ K
is homotopic to zero via the homotopy h′′, i. e. s′′ ◦ f = 0 in Db(coh(A)).
Note that s is the composition
j∗N
j∗(s′′)
−−−−→ j∗K = j∗j∗L
∼
−→ L
of morphisms in Cb(coh(A)). Since s is a quasi-isomorphism, so is j∗(s′′). In
particular, the mapping cone of s′′ has cohomology supported in Z. Hence s′′
becomes invertible in V . Since s′′ ◦ f = 0 in Db(coh(A)) this implies f = 0 in V .
This finishes the proof that Φ is faithful.
Φ is full: Let M,N be bounded complexes in coh(A). We need to show that
any morphism f : j∗M → j∗N in Db(coh(AU )) comes from a morphism in V .
We first prove this statement under the more restrictive assumption that f : j∗M →
j∗N is a morphism in Cb(coh(AU )).
Consider the diagram
M
ηM // j∗j∗M
j∗(f)

N
ηN // j∗j∗N
in Cb(Qcoh(A)) where the horizontal arrows are the respective adjunction units.
The images of the morphisms ηN and j∗(f) ◦ ηM are subcomplexes of j∗j
∗N whose
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components are coherent A-modules. Since j∗j∗j∗N
∼
−→ j∗N is a complex of co-
herent AU -modules, there is a subcomplex K ⊂ j∗j∗N consisting of coherent A-
modules which contains these two images and satisfies j∗K = j∗j∗j
∗N ; this follows
from our observation.
By construction we obtain the morphisms κ and µ in the following left diagram
turning it into a commutative diagram; the commutative diagram on the right is
obtained from it by restriction to U and by using formal properties of the adjunction
(j∗, j∗) where ε is the adjunction counit.
M
ηM //
µ
❅
❅
❅
❅
❅
❅
❅
❅
j∗j
∗M
j∗(f)

N
ηN
44
κ // K ⊂ j∗j∗N
j∗M
j∗(ηM )
∼ //
j∗(µ)
""❋
❋
❋
❋
❋
❋
❋
❋
id
((
j∗j∗j
∗M
j∗j∗(f)

εj∗M
∼ // j∗M
f

j∗N
j∗(ηN )
∼ 44
j∗(κ) //
id
99j
∗K = j∗j∗j
∗N
εj∗N
∼ // j∗N
The diagram on the right shows j∗(κ) ◦ f = j∗(µ) and that j∗(κ) = j∗(ηN ) is an
isomorphism, so κ becomes invertible in V . Hence κ−1 ◦µ is a morphism in V such
that Φ(κ−1 ◦ µ) = (j∗(κ))−1 ◦ j∗(µ) = f in Db(coh(AU )).
Now assume that f : j∗M → j∗N is an arbitrary morphism in Db(coh(AU )). It
can be represented by a roof j∗M
g
−→ j∗N ′
q
←− j∗N in Cb(coh(AU )) where q is a
quasi-isomorphism, i. e. f = q−1g; here we can assume without loss of generality
that the apex of our roof has the form j∗N ′ where N ′ is a bounded complex of
coherent A-modules, as follows from the proof of essential surjectivity of Φ.
As seen above, there are morphisms gˆ : M → N ′ and qˆ : N → N ′ in V such that
Φ(gˆ) = g and Φ(qˆ) = q.
Note that Φ(Cone(qˆ)) ∼= Cone(Φ(qˆ)) ∼= Cone(q) = 0 since q is an isomorphism
in Db(coh(AU )). Since we already know that Φ is faithful we get Cone(qˆ) ∼= 0 and
hence qˆ is an isomorphism. (Abstractly, we have used that a faithful triangulated
functor reflects isomorphisms.) But then Φ(qˆ−1g) = Φ(qˆ)−1Φ(g) = q−1g = f . This
finishes the proof that Φ is full. 
Remark 4.5. In the setting of Theorem 4.4, the sequence of abelian categories
(4.5) cohZ(A)→ coh(A)→ coh(A|U )
is a Serre localization sequence where cohZ(A) is the full subcategory of coh(A)
of objects with support in Z, the first arrow is the inclusion of this subcategory,
and the second arrow is restriction to U . Here the term Serre localization sequence
means that the obvious functor from coh(A)cohZ(A) to coh(A|U ) is an equivalence. The
proof is an obvious variation of the proof of Theorem 4.4 and actually easier than
this proof.
4.4. Classical generators and open-closed decompositions. If i : Z → X is
the inclusion of a closed subscheme into a noetherian scheme, then i∗ : Mod(OZ)→
Mod(OX) is exact and preserves coherence. In particular, if A is a coherent OX -
algebra, then i∗ : coh(i
∗A) → coh(A) is well-defined and exact (cf. Lemma 4.1).
We use the same symbol for the induced functor i∗ : D
b(coh(i∗A))→ Db(coh(A)).
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Proposition 4.6. Let Z be a closed subscheme of a noetherian scheme X and let
i : Z → X be the inclusion. Let A be a coherent OX-algebra and set AZ := i∗A.
Assume that E is a classical generator of Db(coh(AZ)). Then i∗E is a classical
generator of DbZ(coh(A)).
Proof. Note that i∗E is an object of D
b
Z(coh(A)). Let U be the thick subcategory
of DbZ(coh(A)) generated by i∗E. We need to show U = D
b
Z(coh(A)).
Since any object of DbZ(coh(A)) is build up from its finitely many non-zero
cohomology modules, it is enough to show that any coherent A-module M with
support in Z is in U . Note that M is OX -coherent by Lemma 4.1.
Let I ⊂ OX be the (OX -coherent) ideal sheaf of Z. Then there is some n ∈ N
such that InM = 0 (see [SP18, 01Y9]). Hence M has a finite filtration
0 = InM ⊂ In−1M ⊂ · · · ⊂ IM ⊂M
by coherentA-modules. All subquotients IiM/Ii+1M are coherentA-modules that
are annihilated by I. Hence all these subquotients are in U (cf. proofs of [SP18,
087T, 01QY]) and so is M . 
Proposition 4.7. Let X be a noetherian scheme and A a coherent OX-algebra.
Let U be an open subscheme of X and let Z be a closed subscheme of X such
that Z := X − U as sets. Let AZ := i∗A where i : Z → X is the inclusion. If
Db(coh(AZ)) and D
b(coh(A|U )) each have a classical generator, then D
b(coh(A))
has a classical generator.
More precisely, if E is a classical generator of Db(coh(AZ)) and F is a classical
generator of Db(coh(A|U )), then i∗E ⊕ Fˆ is a classical generator of D
b(coh(A))
where Fˆ is any object of Db(coh(A)) with Fˆ |U ∼= F (such an object Fˆ exists by
Theorem 4.4).
Proof. Note that i∗E is a classical generator of D
b
Z(coh(A)) by Proposition 4.6.
Hence the proposition follows from Proposition 4.3 applied to the Verdier localiza-
tion sequence from Theorem 4.4. 
4.5. Local existence of a classical generator. Given a ring A (unital, associa-
tive, but not necessarily commutative), we denote its center by Z(A).
Definition 4.8 (cf. e. g. [KO74, p. 95], [MR87, 13.7.6]). An Azumaya algebra
(over its center) is a ring A that satisfies the following two conditions:
(a) As a Z(A)-module, A is finitely generated projective.
(b) The ring map
ηA : A⊗Z(A) A
op → EndZ(A)(A),
a⊗ b 7→ (x 7→ axb),
is an isomorphism where EndZ(A)(A) is the ring of Z(A)-module endomor-
phisms of A.
We refer the reader to [KO74, Thm. III.5.1] or [AG60, Thm. 2.1] for equivalent
conditions characterizing Azumaya algebras; for example, a ring is an Azumaya
algebra if and only if it is separable as an algebra over its center.
If X is a scheme, we denote its regular locus by Xreg.
Definition 4.9 ([SP18, 07R3]). A scheme X is called J-2 if it is locally noetherian
and if for every morphism Y → X locally of finite type the set Yreg is open in Y .
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We refer the reader to [SP18, 07R2] for basic properties and examples of J-2
schemes. Important examples of J-2 schemes are schemes locally of finite type over
a field or schemes locally of finite type over the integers.
Recall that a commutative ring R is called regular if it is noetherian and all
localizations Rp at prime ideals p are regular local rings (see [SP18, 00OD]).
The following proposition is the key for several later results we prove by noe-
therian induction.
Proposition 4.10. Let X be a non-empty J-2 scheme. Let A be a coherent OX -
algebra (which is not assumed to be commutative). Then there exist a non-empty
affine open subset U of X and a nilpotent two-sided ideal I of A(U) and OX(U)-
algebras A1, . . . , Ar, for some r ∈ N, such that each Ai is an Azumaya algebra over
its center Z(Ai), each center Z(Ai) is a regular ring, and there is an isomorphism
A(U)/I ∼= A1 × · · · ×Ar
of OX(U)-algebras.
Proof. Without loss of generality we may and will impose the following additional
assumptions.
(i) X is irreducible.
Indeed, any J-2 scheme is by definition locally noetherian, so we may
assume that X is noetherian. Then X has only finitely many irreducible
components. Choose one irreducible component and consider the comple-
ment in X of the union of the other irreducible components. This is an
irreducible open subscheme of X , and we may replace X by this irreducible
open subscheme and A by its restriction to this open subscheme.
(ii) X is affine, say X = SpecR where R is a J-2 ring.
Indeed, just replace X by a non-empty affine open subscheme (which is
the spectrum of a J-2 ring, by [SP18, 07R4]) and A by its restriction to
this open subscheme.
Set A = A(X). Then A is a finite algebra1 over the noetherian ring R, and A is the
corresponding coherent OX -algebra. In the following, we often work with R and A
instead of X and A and use results from 4.1.2 without mentioning this explicitly.
If we say that the statement of the proposition is true for the pair (R,A) we mean
that it is true for SpecR and the OX -algebra associated to A.
Without loss of generality we may and will impose the following additional as-
sumptions.
(iii) X = SpecR is reduced (and hence integral), i. e. R is an integral domain.
Indeed, let nil(R) be the nilradical of R. It is a nilpotent ideal because
R is noetherian. The two-sided ideal 〈nil(R)〉 generated by nil(R) in A
is then also nilpotent. Hence, if the proposition is true for the reduced
ring R/ nil(R) (corresponding to the underlying reduced scheme Xred =
SpecR/ nil(R)) and the R/ nil(R)-algebra A/〈nil(R)〉 = A ⊗R (R/ nil(R)),
then it is also true for R and the R-algebra A.
(iv) A is a finite free R-module.
Indeed, by generic freeness, X = SpecR contains a non-empty open
subscheme such that the restriction of A to this subscheme is finite free as
1Note that A is not assumed to be commutative, but we extend the usual commutative algebra
terminology in the obvious way: A is an R-algebra which is finitely generated as an R-module.
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a module over the structure sheaf [GW10, Lemma 10.81]. Hence there is
a non-zero element s ∈ R such that As is a free Rs-module, and we can
replace the pair (R,A) by the pair (Rs, As).
(v) The structure morphism R→ A is injective, i. e. R ⊂ A.
Indeed, all claims of the proposition are obvious if A = 0. Otherwise, the
structure morphism is injective since A is a free module over the integral
domain R.
Let K = Quot(R) be the field of fractions of R. Geometrically, it is the stalk of the
structure sheaf OX at the generic point of the integral scheme X = SpecR. Then
AK := A⊗R K is a finite-dimensional K-algebra.
Note that K is the localization of the integral domain R at S := R − {0}, that
AK is the localization of A at the central subset S, and that A is torsion-free over
R. Hence we have the following commutative diagram of inclusions.
A ⊂ AK
R ⊂
∪
K
∪
Without loss of generality we may and will impose the following additional assump-
tions.
(vi) AK is a semisimple K-algebra.
Indeed, let rad(AK) be the Jacobson radical of AK . This is a nilpotent
two-sided ideal of AK , and
AK
rad(AK)
is a semisimple K-algebra. Moreover,
A ∩ rad(AK) is a nilpotent two-sided ideal of A, and we may expand the
above diagram to the following commutative diagram.
A′ := A
A∩rad(AK)
⊂
AK
rad(AK)
A ⊂
OOOO
AK
OOOO
R ⊂
∪
K
∪
Note that A′K := A
′ ⊗R K =
AK
rad(AK)
canonically as K-algebras. Hence, if
the proposition is true for the pair (R,A′), it is also true for the pair (R,A).
Replacing A by A′ may however destroy the assumption (iv)
Before taking care of this, let us consider assumption (v). Since R is an
integral domain, its intersection with the nilpotent ideal rad(AK) is {0},
so we may view R as a subring of A′, i. e. (v) holds for the R-algebra A′
mutatis mutandis.
Let us explain how to deal with assumption (iv). Generic freeness pro-
vides a non-zero element s ∈ R such that (A′)s is a finite free Rs-module.
Observe that
(A′)s =
( A
(A ∩ rad(AK))
)
s
=
As
(A ∩ rad(AK))s
and that (A ∩ rad(AK))s = As ∩ rad(AK) is a nilpotent two-sided ideal of
As. Moreover, ((A
′)s)K = A
′
K =
AK
rad(AK)
is a semisimple K-algebra.
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Hence we may replace the pair (R,A) without loss of generality by the
pair (Rs, (A
′)s).
Since AK is a finite-dimensional, semisimple K-algebra, it decomposes as a finite
product
(4.6) AK = B1 × · · · ×Br
of finite-dimensional, simple K-algebras B1, . . . , Br, for some r ∈ N.
Without loss of generality we may and will impose the following additional as-
sumption.
(vii) The decomposition (4.6) comes from a decomposition
A = A1 × · · · ×Ar
of rings by extension of scalars along R →֒ K, i. e. Ai ⊗R K = Bi for all
i ∈ {1, . . . , r}.
Indeed, let ei be the central idempotent of AK such that Bi = eiAK .
These idempotents satisfy eiej = δijei and
∑
ei = 1. Then ei =
ai
si
for
some elements ai ∈ A and si ∈ R−{0}. Setting s = s1 · · · sr 6= 0 we obtain
the decomposition As = e1As × · · · × erAs as rings. By construction, the
scalar extension of this decomposition is the decomposition (4.6). Hence
we may replace the pair (R,A) by the pair (Rs, As).
Note that Z(A) = Z(A1)× . . .Z(Ar) and hence geometrically
Spec Z(A) =
⊔
Spec Z(Ai)→ SpecR.
The Z(A)-module A, viewed as a coherent module on Spec(Z(A)), decomposes
accordingly: its restriction to each Spec Z(Ai) is the Z(Ai)-module Ai.
Since A is a finite algebra over the noetherian ring R, its center Z(A) is a finite
commutative R-algebra. Since R is J-2, the regular locus (SpecZ(A))reg is open in
SpecZ(A), and (SpecZ(Ai))reg is open in SpecZ(Ai), for each i ∈ {1, . . . , r}.
Without loss of generality we may and will impose the following additional as-
sumption.
(viii) The center Z(Ai) of Ai is a regular ring and Ai is a finite free Z(Ai)-module,
for all i = {1, . . . , r}.
Indeed, since the finite free R-module A is torsion-free over R, we have
(4.7) Z(A) ⊂ Z(A) ⊗R K = Z(A⊗R K) = Z(AK)
and hence Z(Ai) ⊂ Z(Bi) for each i. We fix i for a moment. Since Bi is
a matrix ring over a division ring, its center Z(Bi) is a field, so its subring
Z(Ai) is an integral domain. In particular, the generic point of SpecZ(Ai)
is regular. This shows that the open regular locus (SpecZ(Ai))reg of
SpecZ(Ai) is non-empty.
By generic freeness, there is a non-empty open subset Vi of (SpecZ(Ai))reg
such that Ai|Vi is a finite free Z(Ai)-module. Let f : Spec Z(Ai)→ SpecR
be the finite morphism corresponding to the finite ring morphism R →
Z(Ai) and consider the proper closed subset Ci := (Spec Z(Ai)) − Vi of
Spec Z(Ai). Since finite morphisms are closed and the generic point of
Spec Z(Ai) is the only point of Spec Z(Ai) whose image under f is the
generic point of SpecR, by [AM69, Cor. 5.9], the set f(Ci) is a proper
closed subset of SpecR. Choose si ∈ R − {0} such that SpecRsi ⊂
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(SpecR) − f(Ci). Then Z(Ai)si is a regular ring and (Ai)si is a finite
free Z(Ai)si -module. We find such an element si for all i ∈ {1, . . . , r}.
Set s = s1 · · · sr ∈ R − {0} and observe that Z(As) = (Z(A))s and
Z((Ai)s) = Z(Ai)s. Hence, by replacing R by Rs and A by As we can
and will assume (in addition to the assumptions already imposed) that
Z(Ai) is a regular ring and that Ai is a finite free Z(Ai)-module, for each
i ∈ {1, . . . , r}.
For any i ∈ {1, . . . , r} consider the morphism
ηAi : Ai ⊗Z(Ai) A
op
i → EndZ(Ai)(Ai).
Its scalar extension
ηAi ⊗R K : (Ai ⊗Z(Ai) A
op
i )⊗R K → EndZ(Ai)(Ai)⊗R K
identifies (note that Ai is a finite free Z(Ai)-module) via the canonical isomorphisms
with
ηAi⊗RK : (Ai ⊗R K)⊗Z(Ai)⊗RK (Ai ⊗R K)
op → EndZ(Ai)⊗RK(Ai ⊗R K).
Using Ai⊗RK = Bi and Z(Ai)⊗RK = Z(Bi) (obtained from (4.7)) this morphism
is the morphism
ηBi : Bi ⊗Z(Bi) B
op
i → EndZ(Bi)(Bi).
Since Bi is a matrix ring with entries in a division ring Di that has finite dimension
over the field Z(Bi) = Z(Di), Bi is a separable Z(Bi)-algebra, i. e. an Azumaya
algebra (see [KO74, Thms. III.3.1 and III.5.1]). This means that ηBi = ηAi⊗RK is
an isomorphism.
Note that source and target of ηAi are finite free Z(Ai)-modules. In particular,
ηAi may be viewed as a morphism of coherent OSpecA-modules which is an iso-
morphism at the generic point. Hence it is already an isomorphism on an open
neighborhood of the generic point, i. e. there is an element si ∈ R − {0} such that
ηAi ⊗R Rsi is an isomorphism. Since we already know that (Ai)si is a finite free
module over Z((Ai)si) = Z(Ai)si we see that (Ai)si is an Azumaya algebra over its
center.
As above, we may set s = s1, . . . , sr and replace R by Rs and A by As without
destroying our previous assumptions. Then A = A1× · · ·×Ar as R-algebras where
each Ai is an Azumaya algebra over its center Z(Ai) which is a regular ring. This
finishes the proof of the proposition. 
Lemma 4.11. Let A be an Azumaya algebra whose center Z(A) is a regular ring.
If M is any finitely generated A-module then its projective dimension pdimAM is
finite.
Proof. Let M be a finitely generated A-module. Then pdimAM ≤ pdimZ(A)M by
[AG60, Thms. 1.8 and 2.1] (with ∆ = R there). Note thatM is a finitely generated
Z(A)-module since, by definition of an Azumaya algebra, A is a finitely generated
Z(A)-module. Now observe that this implies pdimZ(A)M < ∞ since Z(A) is a
regular ring (as explained in the proof of [BLS16, Prop. A.2]). 
Remark 4.12. There are regular commutative rings of infinite global dimension
which have the property that every finitely generated module has finite projec-
tive dimension; an example is due to Nagata, see [AM69, Exercise 11.4], [MR87,
Example 7.7.2].
26 ALEXEY ELAGIN, VALERY A. LUNTS, AND OLAF M. SCHNU¨RER
Lemma 4.13. Let A be a noetherian ring (not assumed to be commutative). If
I ⊂ A is a nilpotent two-sided ideal such that each finitely generated A/I-module
has finite projective dimension over A/I, then A/I is a classical generator of
Db(mod(A)).
Proof. Let S be the thick subcategory of Db(mod(A)) generated by A/I. By as-
sumption, every finitely generated A/I-module has a finite resolution by finitely
generated projective A/I-modules. Hence every finitely generated A-module that
is annihilated by I is contained in S.
Let M be any finitely generated A-module. Since I is nilpotent, say In = 0 for
some n ∈ N, M has a finite filtration
0 = InM ⊂ In−1M ⊂ · · · ⊂ IM ⊂M
by submodules. Each subquotient IiM/Ii+1M is annihilated by I and finitely
generated as a module over the noetherian ring A. Hence IiM/Ii+1M ∈ S for all
i and therefore M ∈ S.
Since any object of Db(mod(A)) is built up from its finitely many non-zero
cohomology modules, which are finitely generated A-modules, we deduce that
Db(mod(A)) = S. 
Proposition 4.14. Let X be a non-empty J-2 scheme. Let A be a coherent OX -
algebra (which is not assumed to be commutative). Then there exists a non-empty
affine open subset U of X and a nilpotent two-sided ideal sheaf I ⊂ A|U such that
A|U/I is a classical generator of D
b(coh(A|U )).
Proof. Proposition 4.10 provides a non-empty open subset U of X and a nilpotent
two-sided ideal I of A(U) such that A(U)/I is isomorphic to a finite product of
Azumaya algebras whose centers are regular. By Lemma 4.11, any finitely generated
A(U)/I-module has finite projective dimension. Lemma 4.13 therefore shows that
A(U)/I is a classical generator of Db(mod(A(U))). Now transfer this statement to
Db(coh(A|U )) using the equivalence coh(A|U ) ∼= mod(A(U)) (cf. (4.3)). 
4.6. Global existence of a classical generator.
Theorem 4.15. Let X be a noetherian J-2 scheme and A a coherent OX-algebra.
Then Db(coh(A)) has a classical generator.
Proof. By noetherian induction we may assume that the category Db(coh(A|Z))
has a classical generator for all proper closed subschemes Z of X ; note that any
such Z is again noetherian J-2. Obviously, we may assume that X 6= ∅.
Proposition 4.14 yields a non-empty open subset U of X such that Db(coh(A|U ))
has a classical generator. Equip Z := X − U with the reduced scheme structure.
By noetherian induction we know that Db(coh(A|Z)) has a classical generator.
Proposition 4.7 then shows that Db(coh(A)) has a classical generator. 
Remark 4.16. Theorem 4.15 shows in particular that Db(coh(OX)) has a classical
generator ifX is a noetherian J-2 scheme. We refer the reader to [Rou08, Thm. 7.38]
(concerning strong generation) and [Lun10, Prop. 6.8] for related statements for
separated schemes of finite type over a field. There are more general recent results
by Neeman concerning strong generation (see [Nee17]).
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Remark 4.17. In the setting of Theorem 4.15, the category coh(A) even has a
generator as defined in [IT18, 2.3] (this certainly implies Theorem 4.15). The proof
of this result is a straightforward variation of the results leading to Theorem 4.15;
instead of working on the triangulateted level one works on the abelian level and
uses the Serre localization sequence (4.5) instead of the Verdier localization sequence
(4.4).
4.7. Boxproduct of classical generators. If X and Y are schemes over a field k
we write X×Y instead of X×kY . If E is an OX -module and F is an OY -module we
abbreviate E ⊠F := p∗E ⊗OX⊗Y q
∗F where X
p
←− X × Y
q
−→ Y are the projections.
If X and Y are affine, say X = SpecR and Y = SpecS, and E and F are
quasi-coherent, then E ⊠ F corresponds to the R⊗k S-module E(X)⊗k F (X).
If A is an OX -algebra and B is an OY -algebra, then A ⊠ B is a an OX×Y -
algebra. Given an A-module E and a B-module F , then E ⊠ F is in the obvious
way an A⊠B-module. If X and Y are affine and A, B, E and F are quasi-coherent
over the structure sheaves OX and OY -respectively, then the A⊠B-module E ⊠F
corresponds to the A(X)⊗k B(Y )-module E(X)⊗k F (Y ).
Theorem 4.18. Let X and Y be noetherian J-2 schemes over a perfect field k such
that X × Y is Noetherian (these assumptions are for example satisfied if X and Y
are schemes of finite type over the perfect field k). Let A be a coherent OX-algebra
and let B be a coherent OY -algebra. Consider the coherent OX×Y -algebra A ⊠ B.
Then the following two statements are true:
(a) There exist a classical generator E of Db(coh(A)) and a classical generator
F of Db(coh(B)) such that E⊠F is a classical generator of Db(coh(A⊠B)).
(b) For each classical generator E of Db(coh(A)) and each classical generator
F of Db(coh(B)) the object E⊠F is a classical generator of Db(coh(A⊠B)).
Proof. The obvious analog of the argument used at the beginning of the proof of
Corollary 3.6 shows that (a) implies (b).
We prove (a) in several steps. Proposition 4.10 will play a key role in the proof
and motivates the following ad hoc terminology.
A pair (U,R) consisting of an affine J-2 scheme U over k and a coherent OU -
algebra R is called nice if there is a nilpotent two-sided ideal I ⊂ R(U) such that
R(U)/I ∼= A1 × · · · ×Ar
as OU (U)-algebras for suitable Azumaya algebras Ai whose centers Z(Ai) are regu-
lar rings. Note that each Z(Ai) is a Noetherian ring since it is a finite algebra over
the noetherian ring OU (U).
Given a nice pair (U,R) we do not distinguish between coherent R-modules and
finitely generated R(U)-modules (cf. (4.3)).
Claim 1. Statement (a) is true if (X,A) and (Y,B) are nice.
Let I ⊂ A(X) and J ⊂ B(Y ) be nilpotent two-sided ideals such that
A(X)/I ∼= A1 × · · · ×Ar,
B(Y )/J ∼= B1 × · · · ×Bs
where all Ai andBj are Azumaya algebras with regular center. Then, by Lemma 4.13,
A(X)/I and B(Y )/J are classical generators of Db(mod(A(X))) and Db(mod(B(Y ))),
respectively.
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Note that
A(X)
I
⊗k
B(Y )
J
∼=
∏
i,j
Ai ⊗k Bj .
Each factor Ai ⊗k Bj is an Azumaya algebra over its center
Z(Ai ⊗k Bj) = Z(Ai)⊗k Z(Bj),
by [AG60, Prop. 1.5] (for R1 = Z(Ai), R2 = Z(Bj) and R = k) and [KO74,
Thm. III.5.1]), and this center Z(Ai⊗kBj) is a regular ring because it is noetherian
as a finite algebra over the noetherian ring OX(X) ⊗k OY (Y ) = OX×Y (X × Y )
and the field k is perfect, so we obtain regularity from [TY03, Thm. 6.(e)]. Note
that I ⊗k B(Y ) +A(X) ⊗k J is a nilpotent two-sided ideal in A(X) ⊗k B(Y ) with
quotient
A(X)⊗k B(Y )
I ⊗k B(Y ) +A(X)⊗k J
=
A(X)
I
⊗k
B(Y )
J
.
These facts imply, by Lemma 4.13, that A(X)
I
⊗k
B(Y )
J
is a classical generator of
Db(mod(A(X) ⊗k B(Y ))). Using the above description of the ⊠-product in terms
of modules if X and Y are affine, this proves claim 1.
Claim 2. Statement (a) is true if at least one of (X,A) and (Y,B) is nice.
Assume without loss of generality that (Y,B) is nice. By noetherian induction
on X we can assume that for all proper closed subschemes Z of X with inclusion
morphism i : Z ⊂ X there is a classical generatorEZ of D
b(coh(i∗A)) and a classical
generator F of Db(coh(B)) such that EZ⊠F is a classical generator of D
b(coh(i∗A⊠
B)). Here we implicitly use that any such closed subscheme Z is noetherian J-2
and has the property that Z × Y is noetherian.
By assumption, X is a noetherian J-2 scheme. We may assume that X is non-
empty. Then Proposition 4.10 yields a non-empty affine open subset U of X such
that (U,A|U ) is nice; this uses that any affine open subscheme of a J-2 scheme is
J-2. Note also that U × Y is noetherian.
By claim 1 there are a classical generator EU of D
b(coh(A|U )) and a classical
generator F of Db(coh(B)) such that EU⊠F is a classical generator of D
b(coh(A|U⊠
B)).
Equip Z := X − U with the reduced scheme structure and let i : Z ⊂ X be the
inclusion morphism. By noetherian induction (and the observation that (a) implies
(b)) there is a classical generator EZ of D
b(coh(i∗A)) such that EZ⊠F is a classical
generator of Db(coh(i∗A⊠ B)).
By Theorem 4.4 there is an object EˆU of D
b(coh(A)) such that EˆU |U ∼= EU .
Then i∗EZ ⊕ EˆU is a classical generator of D
b(coh(A)), by Proposition 4.7. The
same proposition shows that
(i∗EZ ⊕ EˆU )⊠ F ∼= (i∗EZ ⊠ F )⊕ (EˆU ⊠ F ) ∼= (i× id)∗(EZ ⊠ F )⊕ (EˆU ⊠ F )
is a classical generator of Db(coh(A ⊠ B)) because (EˆU ⊠ F )|U ∼= EU ⊠ F . This
proves the claim.
Claim 3. Statement (a) is true for arbitrary (X,A) and (Y,B).
To prove this we proceed as in the proof of claim 2 but do of course not assume
that (Y,B) is nice; the only other difference is that we invoke claim 2 at the place
where we invoke claim 1 in the proof of claim 2. 
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5. Smoothness for some algebras which are finite over their center
Theorem 5.1. Let A be an algebra (not assumed to be commutative) over a perfect
field k. Assume that A is a finite module over its center Z(A) and that the center
Z(A) is a finitely generated (commutative) k-algebra. Then Db(mod(A)) is smooth
over k (in the sense defined in Remark 2.5).
This result is a generalization of the version of Theorem 3.7 where k is a perfect
field. The strategy of proof is very similar.
Proof. Remember that Db(mod(A)) is equivalent to the category
(5.1) T := Dbmod(A)(A) = D
b(A)ps-coh
because A is noetherian (see equivalence (2.1) and equality (2.2) in Remark 2.1). By
our definition of k-smoothness of Db(mod(A)) in Remark 2.5 we need to prove that
T is k-smooth. We will use the sufficient condition for smoothness of Theorem 2.15.
We first need to find a dualizing bimodule for T (in the sense of Definition 2.9).
This will use the notion of a dualizing complex from commutative algebra, see
[SP18, 0A7A].
We abbreviate R := Z(A). This is a finitely generated k-algebra by assumption.
Hence R has a dualizing complex ω, by [SP18, 0A7K]. In particular,
(5.2) RHomR(−, ω) : D
b
mod(R)(R)⇄ D
b
mod(R)(R)
op : RHomR(−, ω)
is an adjoint equivalence, by [SP18, 0A7C]. Note that ω ∈ Dbmod(R)(R). We can
and will assume in the following that ω is a bounded below complex of injective
R-modules and hence an h-injective complex of R-modules; this means that we can
replace RHom by Hom in the above adjunction and assume that unit and counit
of the adjunction are the obvious maps into the biduals with respect to ω.
If M ∈ C(A) is a complex of (right) A-modules, then HomR(A,ω) ∈ C(Aop)
is a complex of left A-modules. Similarly, if N ∈ C(Aop) is a complex of left A-
modules, then HomR(A,ω) ∈ C(A) is a complex of (right) A-modules. Moreover,
the unit M → HomR(HomR(M,ω), ω) and counit N → HomR(HomR(N,ω), ω) are
morphisms in C(A) and C(Aop), respectively. Hence the adjunction in the lower
row of the following diagram gives rise to the adjunction in its upper row (note that
the functors need not be decorated with a derived symbol).
D(A)
HomR(−,ω) //

D(Aop)op
HomR(−,ω)
oo

D(R)
HomR(−,ω) // D(R)op
HomR(−,ω)
oo
The vertical arrows are the restriction functors along R = Z(A) →֒ A. The diagram
is commutative if we ignore the two horizontal arrows pointing to the left or the
two horizontal arrows pointing to the right.
An A-module is finite over A if and only if it is finite over R, because A is a finite
R-module. Hence an objectM ∈ D(A) is in Dbmod(A)(A) if and only if its restriction
M |R ∈ D(R) is in D
b
mod(R)(R). Since we know that the lower adjunction restricts
to the adjoint equivalence (5.2), we deduce that the upper adjunction restricts to
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an adjoint equivalence
(5.3) HomR(−, ω) : T = D
b
mod(A)(A)⇄ D
b
mod(Aop)(A
op)op : HomR(−, ω).
We will see that this adjoint equivalence originates from a complex of bimodules.
The natural candidate is
D := HomR(A,ω) = HomR(AAA, ω)
which is a complex of A ⊗R Aop-modules and may also be viewed as a complex of
A⊗k Aop-modules. We have
HomA(M,D) = HomA(M,HomR(AAA, ω))
= HomR(M ⊗A AAA, ω) = HomR(M,ω)
in C(Aop) natural in M ∈ C(A) and
HomAop(N,D) = HomAop(N,HomR(AAA, ω))
= HomR(AAA ⊗A N,ω) = HomR(N,ω)
in C(A) natural in N ∈ C(Aop). Hence the two functors in the adjoint equivalence
(5.3) may be written as
HomR(−, ω) = HomA(−,D) and HomR(−, ω) = HomAop(−,D).
Moreover, the unit and counit of the adjunction (5.3) correspond to the unit and
counit of the adjunction obtained from D , cf. (2.4). Since (5.3) is an adjoint equiv-
alence, Remark 2.12 shows that D is a dualizing object for T and that
(5.4) T ∨ = Dbmod(Aop)(A
op) = Db(Aop)ps-coh
where the last equality comes from (2.2).
It remains to check conditions (A1) and (A2) from Theorem 2.15 in our situation.
Let X = SpecR and let A be the coherent OX -algebra corresponding to the
finite R-algebra A. Then we have equivalences of categories
T = Dbmod(A)(A)
∼= Db(mod(A)) ∼= Db(coh(A))
(cf. the equivalence (4.3)). Since X = SpecR = Spec Z(A) is of finite type over
k it is a noetherian J-2 scheme, and hence Theorem 4.15 shows that Db(coh(A))
and hence T have a classical generator. This together with the equalities (5.1) and
(5.4) shows that condition (A1) is satisfied.
Let E be a classical generator of T ∼= Db(coh(A)). Its dual F := HomA(E,D) is
then a classical generator of T ∨ ∼= Db(coh(Aop)). In order to check condition (A2),
or rather the equivalent condition (A2)’ in Remark 2.16, we need to prove that the
thick subcategory of D(A⊗k A
op) generated by E ⊗k F contains D . Obviously we
have
D = HomR(A,ω) ∈ D
b
mod(A⊗kAop)(A⊗k A
op) ∼= Db(coh(A⊠Aop))
where A⊠Aop is the coherent OX×kX -algebra corresponding to the finite (R⊗kR)-
algebra A ⊗k Aop. If we view E as an object of D
b(coh(A)) and F as an object
of Db(coh(Aop)) it is therefore enough to show that E ⊠ F is a classical generator
of Db(coh(A ⊠ Aop)). But this is true by Theorem 4.18 since k is assumed to be
perfect. 
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Remark 5.2. This is the analog to Remark 3.9. Let A be an algebra over a perfect
field k as in Theorem 5.1, i. e. A is a finite module over its center Z(A) and the
center Z(A) is a finitely generated k-algebra. Assume in addition that A is right-
regular in sense of [MR87, 7.7.1]: Any finitely generated module has finite projective
dimension. Then A is a classical generator of Db(mod(A)). Hence A is k-smooth,
by Theorem 5.1 and Remark 2.4.
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